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Abstract
We present part of our work on the capacity upper
bound, achievable rates, and scheduling for the half
duplex multiple-relay channel (HD MRC) where every
node can either transmit or listen, but not both, at
any time. We derive a capacity upper bound based on
the cut-set argument, and achievable rates based on the
decode-forward coding strategy (DF). We discover that
the upper bound and achievable rates are functions of
the transmit state vector (a description of which nodes
transmit and which receive). More precisely, they are
functions of the time fraction of different transmit state
vectors, which we term a schedule. We formulate the
optimal scheduling problem to find the best schedule,
one that maximizes the DF rate. For the phase fading
HD MRC, surprisingly, we show that the expressions
for the capacity upper bound and for DF rate can be
transformed into linear programming problems.
1. Introduction
In the information theory literature, multipleterminal networks are often studied assuming full duplex (FD) nodes, i.e., the nodes can listen and transmit
at the same time on the same frequency band. Most
radio frequency transceivers available today, however,
either operate in half duplex (HD) mode or in FD mode
with the transmitter and the receiver operating on separate frequency bands (the latter can be modeled as
orthogonal channels [1]). In view of this hardware limitation, we investigate a more realistic network: the HD
network, where every node can either listen or transmit
but not both at any time. In this paper, we focus on the
half duplex multiple-relay channel (HD MRC) that consists a source, a destination, and multiple relays, which
enable us to illustrate concepts in the HD networks that
do not appear in the FD counterpart [2, 3, 4].
We first introduce the idea of transmit state vector
to describe which nodes are transmitting and which
nodes are receiving at any time. Take a D-node MRC

for example, where the source is always transmitting
and the destination is always listening. The total number of transmit state vectors is 2D−2 , capturing if each
of the D − 2 relays is transmitting or listening.
We then derive an upper bound on the capacity based on the cut-set argument and achievable
rates based on the decode-forward coding strategy
(DF) [5, 2, 3]. We show that the capacity upper bound
and achievable DF rates for the HD MRC depend on
the time fractions of the transmit state vectors, but not
on the sequence or the order. This is counter-intuitive
as we do not need to coordinate the transmit-listen sequence among the nodes to maximize the achievable
DF rate or to find the capacity upper bound. We view
the combination of time fractions of different transmit
state vectors as a schedule for the network.
We formulate the optimal scheduling problem for
the HD MRC to find the schedule that maximizes the
DF rate. The optimal scheduling problem turns out to
be a max-min problem, which is not easily solved in
general. For the phase fading HD MRC, we show that
the optimization can be simplified to a linear programming problem. For the general HD MRC, we propose
[6] a method for solving the optimal scheduling problem based on minimax hypothesis testing [7, Ch. II.C].
Closed form solutions can be obtained for certain channel conditions.
2. Channel Model
Though the HD single-relay channel (SRC) has
been studied [8, 9, 10, 11], the HD MRC has not been
studied except for the case where the relays only receive signals from the source and the destination only
receives signals from the relays [12, 13]. Here, we investigate the general HD MRC where all nodes can
potentially hear all other nodes.
Consider a D-node HD MRC with nodes
{1, 2, . . . , D} , D. Node 1 is the source, node D
is the destination, and nodes 2 to (D − 1) are relays.

We define R as the set of all relays. We assume
that the source always transmits and the destination
always listens. As not all relays are always needed,
we consider an active relay set A ⊆ R that consists
of relays that help the source-destination pair in data
transmission, and the set of unused relays U , R \ A.
We define transmit state vector to describe which
nodes (in A) are transmitting and which are listening.

We assume that all nodes know x̃i , ỹt , κ, di,t , and
s, ∀i, t, a priori. We also assume that node t only
knows θ(i, t), ∀i, and does not know any θ(i, j) for j 6=
t. Hence, the transmitted signals of node i cannot be
chosen as a function of θ(i, t) for any t.
In this paper, we follow the definitions for block
codes, achievable rates, and capacity in [3].

Definition 1 Consider the multiple-relay network and
an active relay set A = {a1 , a2 , . . . , a|A| }. The transmit
state vector can be expressed as s = (s1 , s2 , . . . , s|A| ) ∈
{L, T }|A| , where
(
T, if node ai transmits
si =
.
(1)
L, if node ai listens

3. Capacity Upper Bound

For ai , aj ∈ A, ai 6= aj , we assume ai > aj if i > j.
Definition 2 Consider an active relay set A. We define T (s) as the set of all active relays that are transmitting, i.e., {ai : all ai ∈ A where si = T }; and
L(s) as the set of all active relays that are listening,
i.e., {aj : all aj ∈ A where sj = L}. Note that
T (s) ∪ L(s) = A.
Let xi be the channel input from node i and yj be
the channel output to node j. The channel model of the
HD MRC follows that of the FD MRC except for the
following. We set x̃i ∈ Xi to be the “transmit” message
of node i when it is in the listening state (i ∈ L(s)) and
set ỹj ∈ Yj to be the “received” signal of node j when
it is in the transmitting state (j ∈ T (s)). For unused
relays (i ∈ U), we set them to the listening mode, i.e.,
xi = x̃i .
For the phase fading HD MRC, we set x̃i = 0 and
ỹt = 0, ∀i, t. So, during transmit state s, node t receives
P
p
jθ(i,t)

Xi + Zt
 i∈({1}∪T (s))\{t} λi,t e
, (2)
Yt =
, if t ∈ L(s) ∪ U ∪ {D}


0
, otherwise
where Xi is a zero-mean, complex random variable.
Zt , the receiver noise at node t, is an i.i.d., zeromean, complex, Gaussian random variable with variance E[Zt Zt† ] = Nt . Zt† is the complex-conjugate trans−η
pose of Zt . λi,t = κ if di,t < 1, and λi,j = κdi,t
otherwise. Here, di,t ≥ 0 is the distance between nodes i
and t, η ≥ 2 the attenuation exponent, and κ a positive
constant. ejθ(i,t) is the phase fading random variable,
where θ(i, t) is uniformly distributed over [0, 2π). θ(i, t)
for all i and t are jointly independent of each other.
We consider individual-node per-symbol power constraint.
(
Pi , if i ∈ T (s) ∪ {1}
E[Xi Xi† ] ≤
.
(3)
0 , otherwise

Modifying the cut-set upper bound for the FD network [14, Ch. 14.10], we can show that an upper bound
on the capacity of the phase fading HD MRC is given
by the following theorem.
Theorem 1 The capacity of the D-node phase fading
HD MRC is upper bounded by
"
X

Rub = max
p(s)

p(s)

s∈{L,T }D−2

P
X

×L

i∈{1}∪(B∩T (s))

λi,j Pi

!#
, (4)

Nj

j∈(Bc ∩L(s))∪{D}

for all B ⊆ R and B c = R\B. R is the set of all relays,
A = R, and L(x) = log(1 + x).
Proof 1 (Proof of Theorem 1) Refer to [6].
4. Achievability
Using the concept of decode-forward [5, 2, 3], we
can show that a lower bound on the capacity of the Dnode phase fading HD MRC is given by the following
theorem.
Theorem 2 Consider a D-node phase fading HD
MRC, rates up to RDF are achievable.
"
RDF =

max max

min

M∈Π(D) p(s) mt ∈M\{1}

P
×L

X
s∈{L,T }
mt ∈L(s)∪{D}

i∈{1}∪({m2 ,...,mt−1 }∩T (s))

Nmt

p(s)

|M|−2

λi,mt Pi

!#
. (5)

Here, M = {m1 = 1, m2 , . . . , m|M| = D} is the
route [15, 16], i.e., an ordered set of nodes from the
source to the destination. Π(D) is the set of all possible
routes from the source to the destination. We assume
that nodes not in route M do not transmit. So, A =
{m2 , m3 , . . . , m|M|−1 }.

Remark 1 The first maximization is over all possible
route selections. The second maximization is over all
possible schedule p(s). The minimization is over all
relay nodes in the route, since using DF, each of them
needs to fully decode the source messages.
Proof 2 (Sketch of Proof for Theorem 2) Refer
to Appendix A.

is transmitting, and so on. We introduce an auxiliary
variable u. The DF rate can be written as
RDF = max u,

(7)

subject to
p0 L(λ1,2 P1 /N2 ) + p1 L(λ1,2 P1 /N2 ) − u ≥ 0,
p0 L(λ1,3 P1 /N3 ) + p2 L((λ1,3 P1 + λ2,3 P2 )/N3 ) − u ≥ 0,
p0 L(λ1,4 P1 /N4 ) + p1 L((λ1,4 P1 + λ3,4 P3 )/N4 )

5. Optimal DF Scheduling Problem
We note that the capacity upper bound and DF
rates are function of the time fraction of the transmit
state vectors. Hence, we define a schedule of the HD
network as follow.
Definition 3 A schedule for the HD network is the
probability mass function of the transmit state vector.
We formulate the optimal DF scheduling problem,
to find a schedule that maximizes the DF rate. Consider a D-node phase fading HD MRC. On some route
M ∈ Π(D), an optimal DF schedule is a probability
mass function p∗ (s) on {L, T }|M|−2 such that

p∗ (s) ∈ argmax
p(s)

"

X

min

mt ∈M\{1}

s∈{L,T }|M|−2
mt ∈L(s)∪{D}

P
p(s)L

i∈{1}∪({m2 ,...,mt−1 }∩T (s))

λi,mt Pi

Nmt

!#
. (6)

We note that a valid schedule must satisfy
P the following conditions. p(s) ≥ 0 for all s, and
p(s) = 1.
Remark 2 In the optimal scheduling problem here, we
assume that a route already is chosen. For route selection, the reader can refer to [15, 16].
6. Example: Four-Node HD MRC
In this section, we find the capacity upper bound,
the optimal DF rate and schedule for the four-node
phase fading HD MRC.
6.1. Linear Programming
For the phase fading channel, we can convert the
optimal scheduling problem to a linear programming
problem. We use the example of D = 4 and route M =
{1, 2, 3, 4}. For this route, A = {2, 3} and there are four
transmit state vectors with the following probability:
p(L, L) = p0 , p(L, T ) = p1 , p(T, L) = p2 , and p(T, T ) =
p3 . (L, T ) means that node 2 is listening and node 3

+ p2 L((λ1,4 P1 + λ2,4 P2 )/N4 )
+ p3 L((λ1,4 P1 + λ2,4 P2 + λ3,4 P3 )/N4 ) − u ≥ 0,
p0 + p1 + p2 + p3 = 1,
p0 ≥ 0,

p1 ≥ 0,

p2 ≥ 0,

p3 ≥ 0,

u ≥ 0.

We can solve the above linear programming optimization problem using the simplex method [17,
Ch.
3].
Let the solution be (p∗0 , p∗1 , p∗2 , p∗3 , u∗ ).
∗ ∗ ∗ ∗
(p0 , p1 , p2 , p3 ) is an optimal schedule and u∗ is the DF
rate.
Similarly, we can convert the capacity upper bound
(4) to a linear programming problem. By converting
these optimizations, (4) and (5), to linear programming
problems, we are able to compute upper bounds, DF
rates, and optimal DF schedules for large networks with
more than ten relays.
Remark 3 For channels of which the optimal scheduling problem cannot be converted to linear programming problem, we proposed [6] a method to find optimal
schedules based on minimax hypothesis testing. Closed
form solutions can be obtained using this method, for
certain channel topologies.
6.2. Computation Results
Now, we show computation results for the four-node
HD MRC in the line topology, with coordinates: node 1
(0, 0), node 2 (0, y2 ), node 3 (0, y3 ), and node 4 (0, 100).
We assume that κ = 1, η = 2, Pi = 10, ∀i, and Nj =
0.01, ∀j.
Fig. 1 shows DF rates (RDF ) for the four-node phase
fading HD MRC with varying relay positions. Fig. 2
shows capacity upper bounds (Rub ) and the difference
between upper bounds and DF rates (Rub − RDF ).
The highest DF rate is 0.5956 bits/channel use,
when y2 = 34, y3 = 56. The optimal schedule for this
topology is p0 = 0.0038, p1 = 0.6585, p2 = 0.3377, p3 =
0. The worst DF rate is 0.1375 bits/channel use, when
y2 = 100 (relay 2 at the destination). The optimal
schedule for this topology is p0 = 1, p1 = p2 = p3 = 0,
i.e., nodes 2 and 3 only listen. For the capacity upper bound, the highest rate is 0.7080 bits/channel use,
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Figure 1: DF rates for the four-node MRC with varying
relay positions
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Figure 2: Cut-set bounds and the gap between upper
bounds and DF rates.
when y2 = 35, y3 = 65 or y2 = 65, y3 = 35 (note the
symmetry). The lowest rate is 0.3757 bits/channel use,
when y2 = 0, y3 = 0 or y2 = 100, y3 = 100, i.e., when
both relays are at the source or at the destination.
Unlike the FD case where DF achieves the cut-set
upper bound and hence achieves the capacity when the
relays are within certain distances from the source [3],
DF in the HD case does not achieve (though close to)
the cut-set bound if a relay is  away from the source,
for any arbitrarily small distance  > 0.
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A. Proof of Theorem 2
We will prove achievable rates for the HD MRC for
D = 4 for the route M = {1, 2, 3, 4}. The generalization to Theorem 2, i.e., any D and any route, is straight
forward but tedious, and hence omitted in this paper.
We first prove the following lemma.
Lemma 1 Consider a four-node HD MRC. On route
{1, 2, 3, 4}, rates up to the following are achievable.
n
o
RDF = max
max
min R2 , R3 , R4 ,
(9)
p(s) p(x1 ,x2 ,x3 |s)

where
R2 = p(L, L)I(X1 ; Y2 |X2 , X3 , S = (L, L))
+ p(L, T )I(X1 ; Y2 |X2 , X3 , S = (L, T ))

(10a)

R3 = p(L, L)I(X1 ; Y3 |X2 , X3 , S = (L, L))
+ p(T, L)I(X1 , X2 ; Y3 |X3 , S = (T, L))

(10b)

R4 = p(L, L)I(X1 ; Y4 |X2 , X3 , S = (L, L))
+ p(L, T )I(X1 , X3 ; Y4 |X2 , S = (L, T ))
+ p(T, L)I(X1 , X2 ; Y4 |X3 , S = (T, L))
+ p(T, T )I(X1 , X2 , X3 ; Y4 |S = (T, T )).

(10c)

Proof 3 (Proof of Lemma 1) We consider block
coding and let n be the length of a block. We define
n0 = np(L, L), n1 = np(L, T ), n2 = np(T, L), and
n3 = np(T, T ). We assume that ni , for i = 0, 1, 2, 3,
are positive integers. Now, we describe the processes
of codebook generation, encoding, and decoding. These
steps are similar to that for the FD MRC [2, 3]. Here,
we highlight the differences.
Generating Random Codes:
1. Fix x̃1 , x̃2 , x̃3 ,
and the probability distribution
function
p(x1 , x2 , x3 |s)
=
p(x3 |s)p(x2 |x3 , s)p(x1 |x2 , x3 , s) with transmitting
constraints for each s.

4. (For node 3) Now, fill in the rest of the indices in the codewords by setting x3,j = x̃3 for
j = 1, 2, . . . , n0 , n0 + n1 + 1, n0 + n1 + 2, . . . , n0 +
n1 + n2 . Index the codewords as x3 (z3 ), z3 ∈
{1, 2, . . . , 2nR }. See Tab. 1 for the codewords.
5. (For node 2) For s = (T, L) randomly generate 2nR independent and identically distributed
(i.i.d.) n2 -sequences in X2n2 , each drawn according to p(xn0 +n1 +1:n0 +n1 +n2 |x̃n3 2 , s = (T, L)) =
Qn0 +n1 +n22
Index the
i=n0 +n1 +1 p(x2,i |x̃3 , s = (T, L)).
n0 +n1 +1:n0 +n1 +n2
sub-codewords as x2
(z2 ), z2 ∈
{1, 2, . . . , 2nR }.
6. (For node 2) For s = (T, T ) and for each
x3n0 +n1 +n2 +1:n (z3 ), randomly generate 2nR
independent and identically distributed (i.i.d.)
n3 -sequences in X2n3 , each drawn according
+n2 +1:n n0 +n1 +n2 +1:n
to p(x2n0 +n1Q
|x3
(z3 ), s
=
n
(T, T )) =
p(x
|x
(z
),
s
=
2,i 3,i 3
i=n0 +n1 +n2 +1
(T, T )).
Index the sub-codewords as
x2n0 +n1 +n2 :n (z2 |z3 ), z2 ∈ {1, 2, . . . , 2nR }.
7. (For node 2) Now, fill in the rest of the indices in the codewords by setting x2,j = x̃2 for
j = 1, 2, . . . , n0 + n1 . Index the codewords as
x2 (z2 |z3 ), z2 ∈ {1, 2, . . . , 2nR }. Refer to Tab. 1
for the codewords.
8. (For node 1) The similar technique is used to create codewords x1 (z1 |z2 , z3 ), z1 ∈ {1, 2, . . . , 2nR },
by combining sub-codewords from the four transmit state vectors (refer to Tab. 1).
Encoding:
1. Assume that at the beginning of block t, node
i, i = 1, 2, 3, 4, has correctly decoded messages
wt−(i−1) = (w1 , w2 , . . . , wt−(i−1) ).

2. (For node 3) For s = (L, T ), randomly
generate 2nR independent and identically
distributed (i.i.d.)
n1 -sequences in X3n1 ,
each drawn according to p(xn3 0 +1:n0 +n1 |s =
Qn0 +n1
(L, T )) =
Index
i=n0 +1 p(x3,i |s = (L, T )).
n0 +1:n0 +n1
the sub-codewords as x3
(z3 ), z3 ∈
{1, 2, . . . , 2nR }.
We use the notation
xi:j
t = xt,i , xt,i+1 , . . . , xt,j for i ≤ j.

2. As shown in Tab. 1, in block t, node 1 transmits x1 (wt |wt−1 , wt−2 ), node 2 x2 (wt−1 |wt−2 ),
and node 3 x3 (wt−2 ).

3. (For node 3) For s = (T, T ), randomly generate 2nR independent and identically distributed
(i.i.d.) n3 -sequences in X3n3 , each drawn according
to p(xn3 0 +n1 +n2 +1:n |s = (T, T )) =
Qn
= (T, T )).
Index
i=n0 +n1 +n2 +1 p(x3,i |s
n0 +n1 +n2 +1:n
the sub-codewords as x3
(z3 ), z3 ∈
{1, 2, . . . , 2nR }.

2. In block t, node 2 receives y2 where y2,i = ỹ2 for
i = n0 + n1 + 1, . . . , n. These are the “received”
signals when node 2 is in the transmitting state.
Hence, it uses the first n0 + n1 received signals
for decoding.
For 1 ≤ i ≤ n0 , node 2 knows that x2,i = x̃2 and
x3,i = x̃3 . It finds G2,1 , the set of all wt such

Decoding and Achievable Rates:
1. Recall that we assume that node i, i = 1, 2, 3, 4,
has correctly decoded messages wt−(i−1) =
(w1 , w2 , . . . , wt−(i−1) ) at the beginning of block t.

Codeword
Block t
x1 (wt |wt−1 , wt−2 )
x2 (wt−1 |wt−2 )
x3 (wt−2 )
Block t + 1
x1 (wt+1 |wt , wt−1 )
x2 (wt |wt−1 )
x3 (wt−1 )
Block t + 2
x1 (wt+2 |wt+1 , wt )
x2 (wt+1 |wt )
x3 (wt )

Table 1: A transmission scheme for the four-node HD MRC.

State (L, L)

State (L, T )

State (T, T )

x1,1
x̃2
x̃3

···
···
···

x1,n0
x̃2
x̃3

x1,n0 +1
x̃2
x3,n0 +1

···
···
···

x1,n0 +n1
x̃2
x3,n0 +n1

x1,n0 +n1 +1
x2,n0 +n1 +1
x̃3

···
···
···

x1,n0 +n1 +n2
x2,n0 +n1 +n2
x̃3

x1,n0 +n1 +n2 +1
x2,n0 +n1 +n2 +1
x3,n0 +n1 +n2 +1

···
···
···

x1,n
x2,n
x3,n

x1,1
x̃2
x̃3

···
···
···

x1,n0
x̃2
x̃3

x1,n0 +1
x̃2
x3,n0 +1

···
···
···

x1,n0 +n1
x̃2
x3,n0 +n1

x1,n0 +n1 +1
x2,n0 +n1 +1
x̃3

···
···
···

x1,n0 +n1 +n2
x2,n0 +n1 +n2
x̃3

x1,n0 +n1 +n2 +1
x2,n0 +n1 +n2 +1
x3,n0 +n1 +n2 +1

···
···
···

x1,n
x2,n
x3,n

x1,1
x̃2
x̃3

···
···
···

x1,n0
x̃2
x̃3

x1,n0 +1
x̃2
x3,n0 +1

···
···
···

x1,n0 +n1
x̃2
x3,n0 +n1

x1,n0 +n1 +1
x2,n0 +n1 +1
x̃3

···
···
···

x1,n0 +n1 +n2
x2,n0 +n1 +n2
x̃3

x1,n0 +n1 +n2 +1
x2,n0 +n1 +n2 +1
x3,n0 +n1 +n2 +1

···
···
···

x1,n
x2,n
x3,n

0
0
0
that (x1:n
(wt |wt−1 , wt−2 ), x1:n
, x1:n
, y21:n0 ) are
1
2
3
jointly -typical [14, p. 384].
For n0 + 1 ≤ i ≤ n0 + n1 , node 2 knows that
x2,i = x̃2 and xn3 0 +1:n0 +n1 (wt−2 ) (since node 2
has already decoded wt−2 and it knows node 3’s
codebooks). It finds G2,2 , the set of all wt such
that (xn1 0 +1:n0 +n1 (wt |wt−1 , wt−2 ), xn2 0 +1:n0 +n1 ,
xn3 0 +1:n0 +n1 (wt−2 ), y2n0 +1:n0 +n1 ) are jointly typical.
Node 2 then estimates ŵt by finding a unique
w ∈ G2,1 ∩ G2,2 . It can be shown [5, 4] that if

nR

State (T, L)

≤ I(X11:n0 ; Y21:n0 |X21:n0 , X31:n0 , S = (L, L))
+ I(X1n0 +1:n0 +n1 ; Y2n0 +1:n0 +n1 |
X2n0 +1:n0 +n1 , X3n0 +1:n0 +n1 , S = (L, T ))
(11a)
= n0 I(X1 , Y2 |X2 , X3 , S = (L, L))
+ n1 I(X1 , Y2 |X2 , X3 , S = (L, T )) (11b)

R ≤ p0 I(X1 , Y2 |X2 , X3 , S = (L, L))
+ p1 I(X1 , Y2 |X2 , X3 , S = (L, T )), (11c)
ŵt = wt with arbitrarily small error-probability.
3. Node 3 listens during (L, L) and (T, L). It uses
two blocks of received signals, i.e., blocks t and
t + 1, to decodes wt at the end of block t + 1,
whereby node 3 has decoded messages up to wt−1 .
For 1 ≤ i ≤ n0 in block t, node 3
knows that x2,i = x̃2 and x3,i = x̃3 . It
finds G3,1 , the set of all wt such that
0
0
0
(x1:n
(wt |wt−1 , wt−2 ), x1:n
, x1:n
, y31:n0 )
are
1
2
3
jointly -typical.
For n0 + n1 + 1 ≤ i ≤ n0 + n1 + n2 in block t,
node 3 knows x3,i = x̃3 and xn2 0 +n1 +1:n0 +n1 +n2 .
It finds G3,2 , the set of all wt such that
(xn1 0 +n1 +1:n0 +n1 +n2 (wt |wt−1 ), xn2 0 +n1 +1:n0 +n1 +n2
(wt−1 ), xn3 0 +n1 +1:n0 +n1 +n2 , y3n0 +n1 +1:n0 +n1 +n2 )
are jointly -typical.
For n0 + n1 + n2 + 1 ≤ i ≤ n in block t + 1,
node 3 knows x3,i = x̃3 . It finds G3,3 , the set
of all wt such that (xn2 0 +n1 +1:n0 +n1 +n2 (wt ),

x3n0 +n1 +1:n0 +n1 +n2 , y3n0 +n1 +1:n0 +n1 +n2 )
are
jointly -typical.
Node 3 then estimates ŵt by finding a unique
w ∈ G3,1 ∩ G3,2 ∩ G3,3 . If
nR
≤ I(X11:n0 ; Y31:n0 |X21:n0 , X31:n0 , S = (L, L))
+ I(X1n0 +n1 +1:n0 +n1 +n2 ; Y3n0 +n1 +1:n0 +n1 +n2 |
X2n0 +n1 +1:n0 +n1 +n2 , X3n0 +n1 +1:n0 +n1 +n2 ,
S = (T, L))
+ I(X2n0 +n1 +1:n0 +n1 +n2 ; Y3n0 +n1 +1:n0 +n1 +n2 |
X3n0 +n1 +1:n0 +n1 +n2 , S = (T, L))

(12a)

= n0 I(X1 , Y3 |X2 , X3 , S = (L, L))
+ n2 I(X1 , X2 ; Y3 |X3 , S = (T, L))

(12b)

R ≤ p0 I(X1 , Y3 |X2 , X3 , S = (L, L))
+ p2 I(X1 , X2 ; Y3 |X3 , S = (T, L)),

(12c)

ŵt = wt with arbitrarily small error-probability.
4. By a similar decoding method, we can show that
node 4 can decodes ŵt = wt with arbitrarily small
error-probability if (10c) is satisfied.
Combining these inequalities, we have Lemma 1. 
The generalization of Lemma 1 to Theorem 2 is
straightforward. We modify the DF rate derivation for
the D-node FD MRC [2, 3] using the same technique in
this section to obtain the DF rate for the D-node HD
MRC on route {1, 2, . . . , D}. Next, for route M on
the D-node HD MRC, where |M| < D, the DF rate is
the same as that of the |M0 |-node HD MRC on route
M0 , where |M0 | = |M|, with node re-indexing and
the assumption that all nodes not in the route do not
transmit. This gives us the DF rate for any route on the
D-node HD MRC. Since the maximum DF rate in the
phase fading channel can be attained by independent
Gaussian inputs [3], we get Theorem 2.

