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How Good 1s Quantized Model Predictive Control
with Horizon One?

Claus Miiller, Daniel E. Quevedo, Member, IEEE, Graham C. Goodwin, Fellow, IEEE

Abstract— Model Predictive Control is increasingly being used
in areas where decision variables are constrained to finite or
countably infinite sets. Well known fields include Power Elec-
tronics, Signal Processing, and Telecommunications. Typically,
the applications utilize high speed sampling and, thus, there
is an incentive to reduce computational burden. One way of
achieving this is to use small optimization horizons. This raises
the question as to the optimality and performance of control
laws with short horizons. In this paper, we give necessary and
sufficient conditions for horizon one quantized model predictive
control to be equivalent to the use of larger horizons. We also
explore situations where horizon one is near optimal.

I. INTRODUCTION

Model Predictive Control (MPC) is having a major impact
on advanced control applications [1]-[5]. Initially, the focus
was mainly on process control problems having relatively
slow sampling rates. However, there has also been a recent
trend towards high speed applications, including the design
of switching laws for power electronics and drives [6]—[8],
subband coding in filter banks [9], and equalization of digital
communication channels [10].

A special feature of these applications is that the input
signal is constrained to take only a finite or countably infinite
number of values; e.g, 1 dB in the case of inner loop
power control of cellular communication systems [11], or
finite switching states in power electronics. Unfortunately, the
associated optimization problems are inherently non-convex
and the computational burden grows, in general, exponentially
with the MPC optimization horizon. Thus, there is a strong
incentive to use small horizons. For example, in the area of
Power Electronics and Drives, almost all applications use a
horizon of length one, see [6].

This raises an important question: Can horizon one quan-
tized MPC ever be equivalent to larger horizon quantized
MPC? This would clearly be an important observation, if it
were true. A second question is that of quantifying the degree
of sub-optimality, in case horizon one quantized MPC is not
optimal. By way of background to the above question, we note
that necessary and sufficient conditions are known such that
horizon one MPC is equivalent to larger horizon optimizations
in cases when inputs are constrained to belong to a convex set
[12]. The situation when the inputs are constrained to belong
to finite or countably infinite sets is much more difficult.

In this paper we give necessary and sufficient conditions
for horizon one MPC to be equivalent to horizon N > 1
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MPC when the input is constrained to a countably infinite set.
Preliminary results of this type have been established by the
present authors in [13], [14]. The present paper goes beyond
[13], [14] by developing both necessary, and necessary and
sufficient conditions for optimality in the case of plants of
arbitrary order. The key novelty of the present work lies in
that we adopt a geometric analysis framework of the lattice
vector quantizers underlying the optimal solutions. We also
explore cases where horizon one quantized MPC gives nearly
the same performance as larger horizon optimizations. The
results are important in a range of applications since they give
reassurance to the use of horizon one MPC.

The remainder of this work is organized as follows: In
Section II, we give some background on MPC with quantized
inputs and formulate the question of optimality to be studied in
precise terms. Optimality is then treated for general situations
in Section III. Section IV then analyzes more specific cases.
Section V examines robustness of the results to small changes
in the system parameters. Examples are included in Section VI.
Section VII draws conclusions.

Notation: The superscript T refers to transpose. The set of
integers is denoted via Z and we define N* := {1,2,...}
and Ny := {0} UN™. The symbol |-| stands for the Gauss-
bracket; that is, |r| is the largest integer less or equal than 7.
E,, denotes the n xn identity matrix. The symbol e, n denotes
the k-th unit vector in RY; for example, e{N = (1,0,...,0).
The symbol | - | stands for the Euclidean norm; || - || denotes
any matrix norm compatible with the Euclidean norm. In
particular, || - ||o refers to the matrix norm induced by the
Euclidean norm. The linear hull is denoted by Span. We
also recall that the linear hull of the empty set () satisfies
Span( = {0}. For any set X, 0X denotes the boundary of
X, i.e, the closure without the interior: 0X = Y\X °. The
superscript * denotes the orthogonal complement. Throughout
this work, we write ’iff” instead of ’if and only if’.

II. MPC WITH QUANTIZED INPUTS

We will focus on systems described in discrete time via
x(l+1) = Axz(f) + Bu(f), ¢ € Ny, (1)

where A € R™*™ and B € R™ are both nonzero, and z({) €
R™ denotes the system state at time instant ¢. A key feature
of the problem of interest in this paper is that the plant input
in (1) is quantized to a countably infinite set. More precisely,
it is required to satisfy:

u(f) e U, VIl e Ny, )
U =0Z = {0,+5,£24,...}, (3)

for a given stepsize ¢ > 0.



A. Receding Horizon Optimization

When evaluating the input for the system (1) via MPC with
quantized inputs (as presented in [15], [16]), at every time
instant ¢ € Ny, and given the current plant state, say z({) =
zg, the following quadratic cost function is minimized:

N-1
Viv(wo,@") = (@) T P(aly) + D (@)"Q(a}) + R(u))*.
j=0
“4)
In the above cost function,
i’ = (uf, ..., uy_y)" 3)

contains the decision variables, N > 1 is the prediction
horizon, R € [0,+00), whereas P,Q € R™ "™ are positive
definite matrices. The cost in (4) examines predictions of the
future plant state trajectory. These depend upon (1) and 4’,
and are calculated via the prediction model:

ayy = Az + Buj, 0<j <N, (6)

where x, = xq is the initial state. In accordance with (2),
the control sequence « is only allowed to take values in the
quantized set

UV :=UxUx---xU.

Whilst the set of optimal control sequences, say
@ = arg min_ Vy(xg,u’), (7
@’euN

contains control inputs which are designed for time instants
{4, +1,...,£ + N — 1}, following the receding horizon
optimization principle, see, e.g., [17], only the first element
of # is implemented, i.e., we have:

u(l) € 6{[\;12. (8)

At the next sampling instant, namely ¢+ 1, the state x(¢+1)
is used to carry out another optimization, with initial state
29 = (€ + 1). This yields u(£ + 1). The above procedure is
repeated on-line and ad infinitum.

B. Closed Form Solution

In the sequel, we will utilize a known expression for the
optimizer i, which was presented originally in [15]. To state
this result, we introduce the matrices

B 0o ... ... 0
AB B 0 ... 0
Oy = ) . .| e RN
AN-1B AB B
Q 0 ... 0
@1 — P, @N — . ' . c JRNann7
0 . Q 0
0 . 0O P
R 0 . 0 A
~ 0 R . 0 A?
Ry = ) eRVN Ay =
0 0 R AN

and also define the positive definite (V x N)-matrix Hy and
the (N X n)-matrix Fy via:
Hy = %Qn®y + Ry,

~ 9)
FN = (I)J,Z\—}QNAN

Finally, let P(RY) be the power set of RY and define the
multi-valued projection:

g5y 1 RY — P(RY) (10)

by z € ggn (y), iff x € UV .= Hjl\,/2UN and |z —y| < |z —y]
for all z € UV Note that g5~ (-) amounts to a (multi-valued)
lattice vector quantizer; see, e.g., [18].
Theorem 1 in [15] states that the optimizer (7) is provided
by the multi-valued mapping:
i = Hy g (~Hy*Faao) (1)

and hence the quantized MPC law, see (8), can be expressed
as the static non-linear mapping

u(f) € kn(x(£)),

kn(z) = elT’NHgl/Qq@N (—H;[I/ZFN(E> .

(12)
(13)

Choosing larger horizons IV in the cost function will, in gen-
eral, give better closed loop performance than choosing short
horizons; see, e.g., [9], [10], [19]. Unfortunately, obtaining the
optimizer(s) in (11) requires that one solve a combinatorial
optimization whose search space is countably infinite [18]
and which impedes the use of large horizons in practical
applications. The purpose of the current paper is to obtain
conditions under which the horizon one version of the control
law (13) is equivalent, or nearly equivalent, to the horizon N
case, where /N > 1. Our analysis will make use of geometric
properties of the partition induced by the projection defined
in (10).

C. The Horizon One Law

As an alternative to calculating the optimizing sequences
i via (11), in the present work we will study the horizon
one version. The horizon one controller is obtained by setting
N =1 in (13) and, therefore, has the special form:

k1(z) = qu (-B"PAz/y), ~:=B"PB+R. (19

The quantizer gy (-) used in (14) gives the Euclidean projection
of —BTPAz;/v on U.

For N > 1, calculating the horizon one laws in (14) requires
significantly less computations than finding the minimizer
in (7). However, it is by no means clear whether this simple
control policy gives the same performance as would be pro-
vided by the quantized MPC formulation for arbitrary horizons
N > 2. In the remainder of this work, we will investigate this
question.

It is interesting to note that the horizon one law (14) can
be interpreted as a greedy algorithm for the finite horizon
optimization problem (7); see, e.g., [20]. Indeed, the paper
examines performance of this particular greedy algorithm.



III. OPTIMALITY OF THE HORIZON ONE LAW

In this section we develop necessary, and necessary and
sufficient conditions for the horizon one controller to be
equivalent to the horizon N > 1 controller. We adopt the
following notion:

Definition 1 (Initial Optimality): If for all xyp € R™ there
exist uy,...,uny—1 € U such that the control sequence
(k1(xo),u1,...,un—1) yields the optimal cost Vi (o, 1),
see (7), then we say that the horizon one law is initially optimal
for horizon N. O

It is worth emphasizing that, since the optimality notion
adopted here is global, and plant and cost are time-invariant,
initial optimality of the NCL does not depend on ¢ € Nj.

A crucial feature of quantized MPC as presented in Sec-
tion II is that the projection ggx (-) used to characterize the
optimizer % in (11) partitions R” into Voronoi cells. This
motivates us to adopt a geometric approach, which is based
upon studying the sets

[—0/2,6/2] if k=0
Ly=1 ((k—1/2),(k+1/2)5] if k>0 ,
[(k—1/2)6,(k+1/2)8) if k<O
Qk,_{zeR" BTJVMZGL,C},/%GZ, (15)

My = {u) eRV ] ko € e Ny Hy 2 gga (w) } :
Con={weRY |0€gn(w)}.

Lemma 1: Consider the sets in (15) and the control laws
in (13) and (14). We then have:

1) The set Cf y is the Voronoi cell of the lattice

N
{Z (5k‘iHJIV/2€i7N | k; € Z}
i=1
that contains 0; see, e.g., [21]. The zero control sequence
yields the optimal cost, iff —Hy'*Fyzo € Cf .
Moreover Cj  is the intersection of all the half-spaces

Jp = {z € RN | (22 — H)’K)TH\/*k < 0},
ke UNM\{0}. (16)

2) For all z € R™, it holds that z € Qy, iff k6 € x1(2).
3) For any zp € R", we have kd € efrn(zo), iff
—Hy'?Fyxg € My .

Proof: These properti’es follow directly from the defini-
tions. ]
Some additional geometrical features of the sets introduced
in (15) are established in the following lemma, whose proof
is included in Appendix A.

Lemma 2: Consider the sets defined in (15). We then have:
1) Mjy =My +k6H e1 n.

2) Mj y is closed.

3) Mgy = G+ { Ty omiHY *epn ’ my € .

4) (My y)° = My y, ie., the closure of the interior of
My  equals My .
5) If k # 1, then (M \)° N My = 0. 0

The sets introduced above allow us to study initial optimal-
ity of the horizon one controller by using geometric tools. Our
first result is stated in Theorem 1:

Theorem 1: If N > 2, then the horizon one controller is
initially optimal for horizon N, iff

~HNPFnQp © My, VkeL. (17)

Proof: The result is immediate from Lemma 1. [ ]

Theorem 1 establishes necessary and sufficient conditions
for the horizon one controller to be initially optimal. Our
results apply to any horizon N > 1 and to LTI plants of any
order n > 1. Unfortunately, condition (17) cannot be checked
in practice. Thus, the remainder of the paper is devoted to
establishing equivalent conditions which are checkable.

Before proceeding, we state Corollary 1.

Corollary 1: Suppose that the horizon one law is initially
optimal for horizon N. Then, the horizon one law is initially
optimal if, in (1), we replace A by —A and/or

B—TBand P - T TPT'and Q — T-TQT™, (18)

where T is invertible and commutes with A, i.e., it holds that
TA = AT. Moreover, initial optimality is independent of the
stepsize ¢ in (3).

Proof: If we replace A by —A in (1), then the new
problem data becomes H)y, = SHyS, Fyy = SFn, Mp*, =
—SMy ,,, and Q). = —Qy, where

1 0 ... 0

N e RVXN,
: . . 0
0 ... 0 (=1)N

Likewise, if we apply the transformation as in (18), then the
new data becomes Hy = Hy, M;*y = My, Q) = TQy
and Fy;, = T~ Fy. Replacing § by &’ only changes My, to
(6'/6) M, and Qy, to (¢'/9)Qk. The results now follow from
Theorem 1. [ ]

The next two lemmas give necessary conditions for initial
optimality of the horizon one law.

Lemma 3: If the horizon one law is initially optimal for
horizon NV, then it is necessary that

H&lFN(KSTBTPA) C Span(eg N, .-, eN,N)- (19)

Moreover, if Fiy is onto, then we have equality in (19).
Proof: See Appendix B. [ |
Lemma 4: Suppose that BTPA # 0 and define
.7 v -1/2 T
Then —Hy'?FnQy = Hy'/?Fy(Ker BTPA) + Lywy.
Vk € Z. If, in addition, the horizon one law is initially optimal
for horizon N, then

—1/2

ef nHy Fwy =1. (20)

Proof: See Appendix C. [ ]
We note that the necessary condition (20) given above
is very easy to check, since it only involves elementary



matrix calculations. As will become apparent in the following
section, we can simplify the necessary and sufficient condition
provided by Theorem 1 in some specific situations.

IV. PARTICULAR CASES

In Section III we established conditions for the horizon one
law to be initially optimal which hold in general situations.
However, these conditions are not always easy to check. Thus,
in the sequel, we will study several special cases, where the
conditions simplify considerably.

A. Situations where F\ is onto

Here we focus on instances where the horizon is less than
or equal to the state dimension (i.e., where N < n) and, in
particular, study situations where Fy defined in (9) is onto.
To derive our subsequent results, we let q](\zf), 1 <4< N be
the Euclidean projection of Hjl\,/ 2ei7 N on

H;[l/QSpan(el,Na AR ei,N)

1
— Span(H11V/2ei+17N, ce H}V/QGN’N)} .

In particular, we have

W _ Hy ey

N = 21

T —1 .
el,NH N €1,N
We furthermore define

SN =H 1)

1/2
N/ Span(ez N, ..., en,n) + Loqy

and state the following lemmas:
Lemma 5: Suppose that the set (by,...,by) is some or-
thonormal basis of R, If ;4 € R, and ¢ > 0 are such that

N
{ b1 + Z Akby

k=2

)\k» € [—C, C}} - an,N’

then there exists some p € UV such that 2ub; = H}V/Qp.
Proof: See Appendix D. ]

Lemma 6: The set (qj(\}), e ,qEVN)) is an orthogonal basis
of RY, and

Sy = Span(qg\?), ceey q§VN)) + Loq(l).

Proof: Define ¢ = H;,l/QeLN and ¢ = ¢/|c}]-
If for some 1 < [ < N the orthonormal basis
(c1,...,¢) of H&l/zspan(el7N,...,el7N) is found, we
let ¢, be the Euclidean projection of Hg,l
(Span(cy, ..., )t
Define ;41 := ¢ /lej |- Then (cy, ...,

2

e+1,§ on
1/2 1/2

= Span(Hy “ej+1,n,---. Hy enn).

¢;) is an orthonor-

mal basis of Hy'/*Span(es v, ...,e;n) forall 1 <i < N,
and

T HY?e;n =0, if1<I<i<N. (22)
Thus,

q](\jv) = <ei,NH11V/20k) Cp = ( 1 NH1/2 ) C;.

Since eZNH}V/Qci # 0, it follows that (¢, ..., ¢V} is an or-
thogonal basis. The remainder of the proof is straightforward.
|
Lemma 7: Let Fy be onto and BT PA # 0. Then, neces-
sary conditions for initial optimality of the horizon one law
are:
1) (M N) ~H\*FnQ). C My . for all k € Z.
2) Sn = ON
Proof: 1) Let z € (M x)°
N — UZEZ —H;,UQFNQI. Thus, there exists some [ € Z
and some w € Q; such that z = ng,l/zFNw. By (11) we
have 1§ € k1(w) = e{NH;,l/zqﬁN(z), so that z € My
Lemma 2 then gives k = [, which shows 1).
2) Lemmas 2, 3, 4 and 6 establish that

. Since F'y is onto, we have

Mgy = (Mg 5 )0 = —Hy'*FnQq

= H}V/2Span(eg,N, ceey eN,N) =+ LowN.

We, thus, obtain:
v € Mgy < € L:

v — pwy € H}V/QSpan(eQ’N, ... EN.N)

= [Span(H;,l/zel,N)] +

& 3dpu € Lg: elTNH_l/Q(v—uwN) =0

< 3dp e Ly: elNH 12, =pu

<:>E|,LL€L0, E'Ag,.. )\NG]R'

v—qu —l—Z/\kH/ekN(:)vESN
k=2

This proves the result. [ ]

The above technical results allow us to state Theorem 2. It
gives necessary and sufficient conditions for the horizon one
law to be initially optimal for situations where F'y is onto.

Theorem 2: Let N > 2, let F)v be onto and BTPA #*
0. Then, the necessary and sufficient conditions for x; to
be initially optimal for horizon NN are that the following 3
conditions hold:

1 ¢V ez,

2) Fy(Ker BT PA) = Hy Span(ez v, . . -

3) vel yHN' FNATPB = |ATPB)2.

Proof: See Appendix E. [ ]

We note that, using Cramer’s rule, 1) in Theorem 2 is equiva-
lent to, see (21), det H}&’l)/det H](\}’l) €Z, vl e{l,...N},
where H](\}’l) is Hy after omitting the first row and the [-th
column; in 2), the equality can be replaced by C; 3) means

that e7 y Hy'Pwy = 1.

JEN,N)»

B. Plant Models where B belongs to the image of A

Throughout this section, we assume that, in the model (1),
we have B € Im A. This is actually a common case since A
is always nonsingular when the model arises from sampling
a continuous-time system. Our first result, namely Lemma 8§,
establishes necessary and sufficient conditions for the special
case where R = 0.



Lemma 8: Let R = 0 and B = Ay for some p € R™.
Then the horizon one law is initially optimal for horizon N,
iff —H'*FyQo C M 5.

Proof- See Appendix F. ]

Next, we return to the general case R # 0. Theorem 1
establishes that the horizon one law is initially optimal, iff
~Hy'?FxQ) € My for all k € Z. Since, by Lemma 2,
we have

—1/2 4 rx —1/2 %
HN / Mk,N :HN / CO,N
+(5{(k;,mg,...,mN)T‘mg,...,mN EZ},

where M is closed, it turns out that the condition in
Theorem 1 is equivalent to the requirement:

Vk € Z,Yw € QY Imy, ..
— Hy'Fyw — (kyma,...,my)" € Hy'/?Chn. (23)

.,my € Z:

On the other hand, CS"N = (1 Jz, where J,g is as in (16).
kEeuN
This implies that = € Hy'/*C; . iff 2T Hyk < kT Hyk/2
for all k € UN. Thus, (23) is equivalent to

L,mpy GZ,VEEUN:
k

Vk € Z,Yw € QY, Ima, ..

. M2 e
k' |Fyw+8Hy| . < Zk'Hyk. (24)

N | =

mn
Our working assumption in this section is that B € Im A.
Hence, Lemma 8 gives that (24) is equivalent to the condition:
Vk € Z,Yw € Q4/6,Im € ZN ' Wl € ZVN:

_ kv k ITHyl
THy |HG'F - < N

(25)

ie.,

kR 0
T —1 —1
lHNP”JWW‘an#EN‘””)““+<m>]

1
< 5lTHNz, (26)

where Q§/6 = {z € R" | BTPAz/vy € (-1/2,1/2)}.

Expression (26) has an interesting geometric interpretation:
The equation 7 Hyz = d? represents an ellipsoid in R with
half axis dv;/v/d;, 1 < i < N, where Hy = ODO7 is the
singular value decomposition of Hp, the orthogonal matrix
O consisting of the eigenvectors of Hy as columns, and the
diagonal matrix D has the eigenvalues d1, . ..,dy of Hy inits
diagonal. The inequality 7 Hyx < ITHyl/2 for all [ € ZN
is equivalent to the function ¢ + (t—x)T Hy(t—x)—2T Hyx
taking no negative values on 7N | ie., the ellipsoid with center
x and half axis \/zT Hyz/d;v;, 1 < i < N containing no
point of Z in its interior.

Further insight into condition (26) is provided by the
following lemma:

Lemma 9: Define G, : ZN~1 — R by

Gam:(x+<2>>THN<x+<2)>’

and the constrained minimizer

Ty 1=

in G.(k).
o, Ca(h)

Furthermore, let z € RY, and assume that there exists some
m € ZN=! such that [T Hy {1‘ + (:1 ] < 2T Hyl for all

1ezZN.
Then, (T Hy [ach < 0
my

ﬂ < HTHNLVL € ZV, where
my € ZN~1 is any minimizer of G,.

0
Proof: Consider an ellipsoid E/ with center z + ( >
My

and half axis /r;/d;v;, 1 < i < N. Now, assume that E
contains some point, k € Z~N . in its interior. By assump-

tion, the ellipsoid E with center x + and half axis

/G.(m)/dv;, 1 < i < N, does not contain a point of Z~

in its interior. However, we have E+ ( ) C E, which

m—my

gives k + ( C E°, a contradiction. [ ]
m— mg
The understanding gained by the geometric considerations
described above allows us to state the following necessary
condition for initial optimality of the horizon one law:
Corollary 2: Let B € Im A. Then, a necessary condition
for initial optimality of ; is:

R(1—~ef yHy'ern) =0, (27

or, in other words, R(det Hy —ydet Hy_1) = 0.

Proof: See Appendix G. [ ]
Note that the function R — det Hy — ydet Hy_1 is a
polynomial of degree at most N — 1. Hence, checking (27)
is equivalent to checking the roots of an N — 1 degree
polynomial. (We recall that the degree of the zero polynomial
is —o0o. Moreover, H; = v = BT"PB + R € (0, +00).)

C. First order Plant Models and Horizon N = 2

We will next show how to use the results presented so far
in the special case of state dimension n = 1, horizon N = 2
and control weighting R = 0. This complements the results
in [14], where only sufficient conditions were given for initial
optimality.

Withn =1, N =2 and R = 0, we have

([ BA(Q+ A%P) _(a B
p= (M ) me=(50)

wy = (BJA)Hy?Fy,

with « = B?(Q + PA?), 8 = B2AP, v = B?P.

Direct calculation gives that wy = e n, that is, the
necessary condition of Lemma 4 is automatically satis-
fied. Since —Hy/?FxQo = (—1/2,1/2)(B/A)Hy"*Fy.
we see that the horizon one law is initially optimal, iff



(—1/2,1/2)(B/A)HN"?Fx C Mgy, that is, for all |¢] <
1/2 there is some k € Z such that, for all I,m € Z,

B___1) 120 B_ _1)2 12( 1
tZHN/FN—HN/ (k)‘g‘tAHN/FN—HN/ (m

in other words, iff for all |¢t| < 1/2 the function x —
e"Hyz — 2827 Fy takes its minimum on Z? in the set
{0} x Z. Letting z = 2t(B/A)Fy, we see that

2

zTH](,lz N\ t zTH](,lz
S 0) e G)
t\\" t
The ellipse <x— (0>> Hy (x— (0>) = d? has the

vertical line 21 = k, k € Z, as tangent, iff d* = (k—t)?(ay—
(3%)/~. In this case, it intersects the vertical line 1 = k at the
point (k,v(t — k)/v)". As a consequence, the function

ola) = (- (é))THN )

takes its minimum on {k} x Z in (k, |7%])T, where
re:=1/24+ Bt —-k)/y=1/2+ A(t — k).

The requirement that g takes its minimum on Z? in {0} x Z
is equivalent to demanding that

T
1 1
eTHye — 272 = <ac— QHK,IZ) Hy (m— H;lz)

( i )THN< ) > : (ktr_kf) THN(ﬁr_th)’ ek

We conclude that the horizon one law is initially optimal, iff

at? =2 |roJt+[ro)* < alk—)* 28] (t—k)+[rx)?,

(28)
for all [t| < 1/2, for all k € Z. Since (ary — 3?)/7? = Q/P
and 3/v = A, the inequality in (28) can be re-written as

Ki(t) == (t —k)? + g(erJ —A(t—k))? 12

- g(voj _Ar? >0,
We will next further elucidate this condition and, thus, obtain
necessary and sufficient conditions on the horizon one con-
troller to be optimal for horizon 2.
By Corollary 1, we only need to examine A > 0. We note
that /C, is twice differentiable from the right everywhere,

V|t < 1/2,Vk € Z.

dt Ky P P
1) =2A— — At) —2A— —A(t—k)) -2k
() =245 (Iro] - A1) = 2455 (L) = A(t — )
and
At d*Ky .\ _
dt dt -
The points of discontinuity of % on (—1/2,1/2) are

contained in Ay U By:
A ={t € (-1/2,1/2]|ro € Z and 7\ ¢ Z}

B :={te (-1/2,1/2)|ro ¢ Z and ry, € Z}. 29)

Therefore, on any interval I C (—1/2,1/2) that does not
intersect the finite set Ay U By, the function Ky is affine-
linear. Thus, K > 0 on [—1/2,1/2], iff Ki(—1/2) > 0,
Kr(1/2) > 0 and Ky (v) > 0, for all v € A U B.

Since ([1/2+A/2] — A/2)? = (|1/2— A/2] + A/2)%, we
have Cp41(1/2) = Ki(—1/2) for all k € Z. Furthermore, it
is easy to see that K (t) > 0, for all |t| < 1/2 and all ¢ € By.
Thus, Kr > 0 on [—1/2,1/2] for all k € Z, iff Ki(v) > 0,
for all v € A, U{—1/2} and all k € Z.

First, we consider A > 1 and A ¢ N. Then,

max A; = (|A/2+1/2] —1/2)/A,
and Ky (max A;) > 0 is equivalent to

Q_ AA-AD(A] +1-4)
pP= A-2048 141

(30)

Conversely, using right-hand derivative techniques, it can be
shown that (30) implies /C(t) > 0 for all ¢t € Ay, and all k.
Moreover, it can be shown that K (—1/2) > 0 for all k € Z,

iff
Q=L +1-7)
P= r2|r](|r] +1) ’

where 1/r = A— | A|,if |A] iseven, and 1/r = [A]+1— A,
otherwise. For A > 1, A & N inequality (30) implies (31) and,
therefore, (30) is the necessary and sufficient condition.

We will next consider A € NT. Then, A, = 0, and it is
easy to see that Kr(—1/2) > 0. Thus, with A € N*, the
quantized horizon one controller is always initially optimal
for horizon 2.

Finally, we consider 0 < A < 1. Then, again A;, = (), and
(31) amounts to a necessary and sufficient condition for initial
optimality.

The preceding analysis leads to the conclusion that, for
plants of order n = 1 and horizon N = 2, the inequalities (30)
and (31) give necessary and sufficient conditions for initial
optimality, when A > 1 and A € (0,1), respectively. It is
interesting to note that, even in this special case, the conditions
are non-trivial.

€1y

V. NEAR OPTIMALITY

A difficulty with the optimality conditions is that they hold
for very special choices of the problem data (A, B, P,Q, R).
We view these variables as being part of the problem descrip-
tion and not as design choices. This leads to the question:
What if the necessary and sufficient conditions are “almost”
satisfied? Will the horizon one law be “almost optimal”? This
is addressed in the sequel. To state our result, in Theorem 3,
we first give the following two lemmas:

Lemma 10: Let z,w € R™, let 0 € V C R™ be a closed
set, and let H, L be two invertible n X n matrices. Then

|Ht — z|? — |Ls — w|?
< (2l = LIIZ™ ] + |w = 21) (lw] + |2])

for all t € H 1qpv(2) and all s € L™ qpy(w).



Proof: We have |Ht—z| < |Hq—z| for all ¢ € V. Thus,
|Ht — z| < |z| and

|Ht — z| < |Hs — z| = |(H — L)s+w — z + Ls — w|
<|Ls—w|+||H — L|||s| + |w — 2|.

Since |Ls — w| < |w]|, we also have
sl = |L7M(Ls — w) + L™ w| < 2|27l
This gives

|Ht — z|* — |Ls — w|?
< ([l = Llfs] + [w = 2|)(|Ht = z[ + |Ls — w]),

which proves the result. [ |
Lemma 11: Let zg,c € R" with ¢ # 0 and k € Z. Then the
problem to minimize (%) := |zo—Zo| subject to T Ty € Ly

has a unique solution %, and

if |cTwg — k| < 6/2,

0
Qmin = \ |Tao—ks|—5/2
c

el otherwise.

Proof: Define f(z) = c¢’x. Then

ké
— + 75 + Ker f
lel el

I pp— 1) 1) c
1@ = |5 35

is a strip in R™ of width ¢/|c|. ¢ is perpendicular on Ker f,
and the optimal Z( is the Euclidean projection of zy on this
strip. Since the distance between x¢ and kdc/(|c|?)+ Ker f is
|cTzo — kd]/(|c|), we see that vy, = 0, if this distance is less
or equal to §/(2|c|), whereas a,in, = (2|cTz0—kd|—8)/(2|c|)
otherwise. ]

To analyze sub-optimality of the horizon one controller,
we will investigate the optimization problem with data
(A',B',P",Q', R), see (4), henceforth denoted by Vy,(zo, ).
For this data, we will denote the optimizer by:

u' € arg min Vi (zo,u").
a’'eUN

(32)

The associated horizon one controller satisfies:

’y/ = B/TP/B/ +R/
(33)
Given the above, we will study the degree of sub-optimality
of the control sequence

Kk (z0) = qu( — BT P'A'mo/v,),

/

U = (’ill(xo)au/la“ (34)

] ul]\f—l)a
where (u},...,u)y_;) is some minimizer of V},_,(A'zo +
B'u)),-) in UNL,

Theorem 3: Consider some optimizer 7', see (32), and the
sequence «’ introduced in (34). Suppose that k1 () is initially
optimal for the problem with data (A, B, P,Q, R), where
BTPA #£0.

The difference in achieved cost is then bounded by:
Vi (2o, u') = Vi (w0, @) < |20*eq + ol|Q (Jzo| + )
T i [ Vet Y e
+daery_, + a1 |[ Tl | - ||| + e[ T ]
+ (€LN—1 + EQ + €WN—1)d% + ﬂ;\f—l(dl + d2)€1
+ .UZ(ELN =+ gQ) + 4IJ’6FN |T]/V330| : HH/§1/2H
ey [Thro| | BN ” + ol + ) (8 + I T4 IP).
The constants appearing are as follows:

0 if lcTwg —up| < 6/2
o= T —aul = 1
% otherwise

e =]

— e

|.Z'0|,

where
CT — 7BTPA/"}/, C/T — 7B/TP/A,/"}/’ TN _ HJ;l/QFN,
p=lzol +a, di = of| Al + [Azo + Bug|,
do = |All‘0 + BI’LL6 , ET = ||T]/V - TNH,
e1 = al|A]l + |4 = All|zo| + |B" = Bllugl,
Ly = ATQnAN, eny = [|Ly — Lnll, Wy = TR Tw,
ewy = Wi = Wyll, By = Ly + QI + [Will,
ery = IFy = |, ey = [[Hy — Hy |, @ = 1Q" = Q.
Proof: See Appendix H. [ ]
The significance of the above result is that it gives a bound on
the degradation in performance when the system is perturbed
from the nominal one. Moreover, the inequality is sharp in the
sense that the difference in performance decreases to zero as

the perturbed system approaches the nominal system.
Remark 1: If we use the matrix norm

[A[l2 = max | Az,
|z|=1

then some of the constants used in Theorem 3 can be upper
bounded as follows: Firstly, for all positive definite matrices
M, K, we have ||M'?||s = \/Omaz(M) and ||M~1/2||y; =

1/v/0min(M), where 0pa.(M) and opin(M) denote the
biggest and smallest eigenvalue of M, respectively. It further-
more can be shown that

||M1/2 _ K1/2H2

1 . _
< ||M - K||2 : (mln{a7rLin(M)7Um'm(K)}) 1/23
V2
1/2

which can be used to bound ||H’}\ﬁ1 —HyZ |l
To bound ey, , one can use the fact that for any matrices
X,Y of compatible dimensions, it holds that

IXTK'X - YT MY ||,
=X -TKYX -Y)+ (X -YV) 'K~ 'Y
+YTK N (X -Y)+ YK Y (M - K)M'Y ||,
<X = Y[BIK o + 21X = Vo[V ]2 K2
F Y IIE | M2 M — K2,



which shows:

—1 _
ewy S IH 5 |2 [eFy + 26y |1Fnll2 + IFNIBIHN 26y ]

Finally, the bound

[EN ll2|ol

is useful in practice. O

—1/2
Tl | H 52l <

VI. EXAMPLES

Here, we present examples, which illustrate the ideas pre-
sented in this paper.

A. BelmA

For the case horizon N = 2 and R # 0 a necessary
condition for the horizon one law to be initially optimal is:

(R+B"PB)BT(Q — P+ ATPA)B = (BT PAB)?.

This follows from Corollary 2. The above condition is satisfied
if P is chosen to satisfy the discrete-time algebraic Riccati
equation

P=A"PA—- ATPB(R+B"PB)'BT"PA+Q.

The above result has a nice intuitive interpretation, namely,
the final state weighting matrix P is such that, in the uncon-
strained case, the horizon 2 cost function is equivalent to the
infinite horizon cost [3], [22].

B. First order plants, horizon N =2 and R = (0

Fig. 1 illustrates the necessary and sufficient conditions (30)
and (31). For comparison, we have also included the sufficient
condition of [14, Corollary 8], namely:

Q_

2 > A= (35)
It can be seen from Fig. 1 that there exists a significant
gap between the merely sufficient condition of [14] and the

necessary and sufficient condition obtained in the present
work.

C. Near Optimality

To illustrate the use of Theorem 3, we choose N = 2, n =
1,A=A"=3/2, B=B"=1,P=P =4, R=R =0,
Q =3 and Q' = 3 — ¢ for some 0 < ¢ < 3. Then, according
to (30), the horizon one law r; is initially optimal (for the
problem with weighting matrix (). However, k1 = &} is not
initially optimal (for the problem with Q).

In Theorem 3 the relevant matrices are

12 12 —
HIZH{:ZLHQ:( 6>aHé:< 66)

6 4 6 4
1 18 — 3¢/2
F, = F| =3, F2:<98>,F2’:< 8 935/>

Ly =1} =9, Ly=26, L), =26—9/4
Wy =W, =9/4, T, = T| = 3/2.

N - = =sufficient condition (35)

1r necessary and sufficient [
,’ conditions (30) and (31)
[
1
= 0.8f ; ]
S ’
= ]
G fal ' J
it 0.6 !
c
=} I
I} I}
° I}
o 04f ’ ]
= ‘
IS '
1
I
0.2 g ]

0 0.5 1 1.5 2 25 3
[Al

Fig. 1. Necessary and sufficient conditions for the horizon one law to be
initially optimal as a function of |A| (solid line). The dashed line shows the
sufficient condition of [14].

The smallest eigenvalue of H) is

1
ve=3 (16—5— Ver - 166+208)

and, thus, the relevant constants in Theorem 3 are g = ¢,
a = 0 (since ¢ = ¢), so that

w=lzo|, di=13w0/2+ upy| <4/2.
We also have €7, = 9¢/4, ep, = 3¢/2, and

- Fj
(ool - 175 /2 < 1E2120]
Pe

where ||F}||3 = 9¢2/4 — 54e + 405.

Given the above, Theorem 3 states that the error in applying
the control law k1 to the problem with weighting Q' = Q — ¢
is less or equal to

52 17 F Flllo\ 2
07 1 lay? 7+6|| 2||2+4< 22) _
4 4 Pe Pe

VII. CONCLUSIONS

This paper has established both necessary, and necessary
and sufficient conditions for the computationally efficient
horizon one quantized control law to provide the solution of
model predictive control with a quadratic cost function and a
countably infinite input constraint set. The analysis given uses
geometric properties of Voronoi partitions induced by lattice
vector quantizers and is applicable to LTI systems of arbitrary
order. The results show when the simpler horizon one law
gives the same input as does a more complex horizon N law.
Also, we have shown that “near optimality” holds when the
actual system parameters are close to their nominal values. The
results have importance in many areas of application, including
power electronics [6] and telecommunications, where horizon
one laws are inevitably used to meet computational time limits.



An interesting extension of the situation examined would
be to include set-up costs of the type found, for example, in
manufacturing applications. This would lead to sparse control
problems, which lie outside the current framework, but would
be interesting to explore in future work; see also [23]-[26].

APPENDIX
A. Proof of Lemma 2
We first note that, if m € Z, w € RY and 1 < k < N,
then:

1/2

g (W — méH}V/zek,N) = gy~ (w) —mIHy “ep,n.  (36)

In fact, z is in the left hand side of (36), iff z € H}V/ZUN and

|z — (w— m5H11V/26k7N)| <lg—(w-— méHl/QekyNﬂ for all

g € UV, iff z € HY?UN and |(z + m(sH}v%ek,N) —w| <

|¢' —w| for all ¢ € UV, iff z is in the right hand side of (36).
1) Using Equation (36) we obtain:

we My v kée efNHj;l/Qq@N (w)
= el N Hy P qon (w — k6H\Pe1 n) + ko
<=0¢€ e{NHX,I/QqﬁN (w— k(SH}V/ZeLN)
S w— kjéH]l\,/2eLN c MS:N.
2) By 1) it suffices to show that Mg, is closed.
Let (wn)nv C Mgy with limyw, = w. There exist

qé"), . 7q](\,) € U such that, for all n we have

’wnfH}V/Z(O,qén),...,qu))T’ < ‘wanl/Q Vo e UV,

Thus, sup,, ’HUQ(O, qé"), . 7qj(\?)) < oo and there
exists some convergent subsequence, which gives
hmn(qé )7...,q](\l, )) = (g2,-..,qn). This shows
lw HY?0,02, .., qw) ) < ‘w HY? ‘ for all v € UV,
t follows that w € MO*N

3) By Equation (36) we have

weMjy e Iq,...,qv €U:
—1/2
(07QQ7"'an)T 6I{]\/ / q[[jN(w)
g Hll\f/z(o,q% R qN)T
N N
€ qgn (w - 5ZQkH11\//2ek,N> +6) aH\ ern
k=2 k=2
N
& 0€qggn <w — 5quH]1v/2€k,N>
k=2

N
S w — (52 qujlv/Qeka S CS,N'
k=2
4) By 1) and 2) it suffices to show that Mg n C (Mg \)°.
Let z € Mg . By 3), there exist g € Cj y and moa, ..., mpy €
Z such that

N
z=q+ ZémkH}V/thN.

k=2
Since Cf y is convex and 0 € (Cj y)°, we have
Ud(q) N (CN)° #0, Ve>o0.

Say, p. € U-(q) N (C§ y)°, then

N
Pe + Z smpHY ern € Uo(2) N (Mg.n)°,
k=2

yielding

N
z= liTan <p1/n + ZémkH}V/QekW> € (MJ,N)O'

k=2
5) Let z € (M} )° N M y. Then, there exist g2, ...,qn €
U such that
’z — Hjl\,/Q(M7 q2,- - ,qN)T’ < |z — Hjl\,/2u)|7 Yw e UV,
(37)

and there exists ;1 > 0 such that Ve € (—pu, pu) there exist

(éf), - ,qj(\?) € U which give:

|z — 5H;,1/261 1/2(k5 q(E) .. ,qg\?) ’

< |z —eHy'? V2wl vweUN. (38)
Use of (37) provides
2
|Z_ 1/2(16 Q27'--7QN)T|
< ‘z— 1/2(k6 q(s) ...,qj(\?) ‘2
= ‘Z—EHN /261,N - ]1\7/2(]{767(155)’7(11(\?))
+ €H;[1/261,N‘2
= |z —eHy Pern — HY (66,45, ... d$)T)
+ 2eeT ~Hy 1/2< —eHy 1/2 e1,N
H\P (08,08, a§)T) + 22 [Hy Penn |
< ‘Z—H /2(15 Q27-~-,QN)T‘
— 2661 NH 1/2 ( H}V/Z(Z(S’ q2, - - - 7QN)T)

+ 252fH;,1/261,N’ + QEe{NH;[UZ

<Z—€H§1/261 _H]1\{/2(k57Q§€)77Q§5)) )
HU2( Lan)T | + 2¢16 — 2¢ks.

:‘zf 19,qs,...

This shows that ek < el for all ¢ € (—pu, ). We thus have
k =1, which proves the result.

B. Proof of Lemma 3
If © € Ker BT PA, then we have, Vt € R,
0=r1(te) =ef yHy V24
= —tHy"?Fya € M&N, vt € R

= HX,UQFN:U € Span(Hjl\,/Qeg,N, .

( tHy 1/2FNx>  VteR

1/2
’HN eN,N)v

by 3) of Lemma 2. If, moreover, Fjy is onto and
dim Fy(Ker BTPA) < N — 1, then rank Fy < N, a
contradiction.



C. Proof of Lemma 4 which shows that sup,cg|z| < oo. Consequently, S is

Define A, := {z € R" | ~BTPAz/y = p}. Then Q = (}:;)r;:)efr:)(jni: ]t;c;tl(l)e ;11;33 t:;:}irliR(O) centered at 0 with radius
U/LEL)C A;u" and ' ’

A#:{ZGR" _BTPA( NW;}TPE):O} M—{EEUN\{?} E:demwforsomem
W ATPB K AT PB or k = —dep, y for some m or S ¢ JE}'
=~ Tarpppe T KerBIPA, Clearly, M is finite, since if
which implies that ke M\{£be,, x |1 <m <N},
~Hy'?FnQr =~ | Hy'"FnA, then
y MZL;ATPB - S ¢ Jp = Ur(0) ¢ Jp = dist (0,.J;) < R= (0/2)|k| < R,
- “gk [H;’ / FNW +Hy / Fy(Ker BT PA) where o is the smallest eigenvalue of Hzlv/ ®. Note that

dist (0, ;) = 3| Hy k| > §Ik].
Finally, if z € (\z.,,J; and [ € UN\M then z € S C
If the horizon one law is initially optimal, then we have (by Jy, thus z € ﬂEeUN Jp = CS,N‘ This shows that CS,N =

= Hy'?Fy(Ker BTPA) + Liwy.

Theorem 1 and Lemma 2) ﬂ;;e M pe
Let M = {k;—i, ,k,}. There exist u(z) € R such that
H;,l/2FNKer (BTPA) + Liywyn H1/2k = Zk 1 /Ll(c bk forall 1 <i<r.
) 2 { N 1o } If)\ké[ ¢, c] and g,y € R with a1 # as andk_;-eM
CCont+kéHy e N + Z dmyHy ey N | My € Z such that
1=2 N
so that ub1 + oy Z by € 3kai, Vi € {1, 2}.

N k=2
ké(wN—H}V/QeLN) € C’&N%—{ ZémlH}vmehN my € Z}. Then, we have

1=2

N T
. 1 . R
This amounts to (Nbl + (5041 + (1 o E)ag) Z by — 2H11\[/2k1> Hjl\[/le
k=2
Vk € Z,3z € Cj y and ma, ..., my € Z: =0, VEeER.
N
k&(HNl/ wy — e1n) = H;,l/Qz n Z5mzel . Thus, and since M is finite and 8C§’N - U,;eM dJy, there
=2 ’ exists I : [—c, N7 — {1,...,r}:
Thus elTNHgfl/sz -1 = %H&l/zz and, since Cj p is N 1/9= T -
, ) , /2 1/2
bounded, this converges to 0 as k — oo. <2/‘bl+2o‘z Arbr—H k[(,\z,.__,,\N)) Hy k1, an)
k=2

=0 forallaeR
D. Proof of Lemma 5

First we show that there is some finite M C UV \{0} such
that Cf v = s Jj- Define

N
= (m JéemyN

m=1

and, consequently, Zk 5 Ak u(I(AQ’ WA= 0. Let Im] =
{ir, ..., it} for some 1 < iy < ... < i < r, define a] =
(ug”),...,pgf,j)) if1<j<ladA=(a ... a) €
N R>N=1 We have shown that if (Aa,...,Ax) € [—c, V1,
) ( m J s N) then at least one entry of the vector A( Xy ... Ay )" equals
0. If we define vy = (t,¢2...,tN)T we therefore see that the
Clearly, S is bounded, since if z € S then polynomial IT! _, (aZv;) vanishes on some neighborhood of
0 € R. Consequently, there exists some s € {1,...,1} such
|2xTH]1V/2em,N\ < 5‘H11V/26m7]v|2, V1l <m < N. that the polynomial aXv; and, thus, a, vanishes. This shows
that H\*k;, = ()b,

Finally, we note that there exists some (Ag,...,Any) €

[—c,c]N~! such that I(\g, ..., \n) = is. Hence,

Thus,

2
X
|z| < |HY2ap? = Z' HY ), 2

1y (2uby — HY*Fi, ) H K, = 0,

N
_ Z ‘mTHjl\[/zem,NF S o~ Z \Hjlv/2€m,1v|4, so that 0 = ,ug ) 22u — u( ')) Slnce both |b;| and ,u( 2)
4 = do not vanish, we obtain 2ub; = H k

m=1



E. Proof of Theorem 2

Necessity: Initial optimality = 2) is Lemma 3, and initial
optimality = 3) follows from Lemma 4. We next show that
initial optimality = 1).

Since, by Lemma 7, Sy C Ma" N We see, by Lemmas 2 and
6, that VA; € Lo, V)o,..., An € R there exist mo,...,my €
Z such that

N
Z)\ q(k) + Z&ij}V/erW € Cyn-
j=2
This gives

N
ZAqu\’f) +OHY?(0,my, . . T

k=1

amN)

(k) + 6H]1V/2(0, my,...,my)" — H}V/Qv

)

for all v € UN. If we choose v = (0,dmea, ..., then

we obtain

T
26 (Z /\kq(k)> Hy?(0,ma, . ;mu)”

+ o2 ’H]{,/Q(O,mg,...,mN)T

smy)7,

2
<0.

By equation (21) we have q(l) 1/26]‘71\/ = 01if j > 1. Thus,
the Cauchy-Schwarz-inequality provides

T
N

0> <2ZAkq§5)> 1/2(0 ma,...,my)"
k:_

2

+4|H 1/2(0 m27"'amN)T’
2
> 8|y (0,m2, o) |
N
-2 ZAkQJ(\i‘C) . ' 1/2(0 mo, ... ,mN)T‘ .
k=2
Now, define
T:= min (5‘H1/2 0,ms,...,m T‘
(ma,...,mn)EZN~1\{0} N (0,ms v)
0
> — min O,mg,...,mNT >0,
TR g0y | "
and choose ¢ > 0 such that
N
213 gl | <T, Vo, ) € -6 EN
k=2
If (A\g,...,\x) € [-¢,¢]V "1 and \; € Ly we have my =
.= my = 0, since, otherwise we would have
N
0 > ) ‘H}V/Q(O,mg,. . .,mN)T’ -2 Z)\k:qg\l;) 5
k=2

which would imply that

N
> Aay
k=2

I'>2

9

> 5‘H11\,/2(0,m2,...,mN)T’ >T

a contradiction. Therefore, it holds that Zszl Ak q](\lf)

€ Cono
and if (po,...,un) € [—c,c]NV 7L, where

min
2<k<N

c:=c- ,

0

then
S (k)

‘ (‘H 1/261 N‘q]\/' ) +Z/j/k:‘
,N

2‘H]§1/Qe g ‘ € Con-
(39)
Since the left hand side of (39) lies on 9SSy = 8M§’ N it s
not an inner point of Cj y. By Lemma 9, there exists some
p € UY such that 5q(1) H}V/ p, which gives 1).
Sufficiency: By Lemma 2, we have

Min= () &
EeUN\{0}

N
+ { KOH ern + 3 ol Hy Per n
k=2

lkEZ}.

Since

H_lel N
W= N_l’ E{I}XZN_l,
el,NHN €1,N

we have +dw € UN\{0} and, therefore,

MI:,N C (ng N J,(sw)

N
+ { k6H Y ey n + Z Sl H\ ex,n
k=2

lkGZ}.

We next show that the lajer set is contained in
Hjl\,/2Span(eg7N, ..,eNN) + LkH[lV/Qw, ie., if ¢ € Jsu N
J_sw, then

q+ k(SH]lV/ZeLN S H}V/QSpan(ezN, .-, EN, N) + ka’fl/2

F(;r that purpose we note that if H N/ w is perpendicular to
HN/ Span(ea v, .. .,en ), then there exist u, Aa,..., An €

R such that

N
q+ k(5H]1V/261’N = qul\,/Qw + Z )\mH}Vﬂem,N.

m=2
On the other hand, since ¢ € Jsu N J_g5u, We have
|2qTH]1V/2w| < éw? Hyw and therefore:

ow? Hyw > 2( - kée{NH]{,/Q + uwTH}V/Z

N
Py Ame;g,NHy)H;/zw‘
m=2

= |—2k(5€1T7NHNw + 2prHNw| .

16171\[)71 = efNHNw, we obtain

Since w” Hyw = (e] yHy
that p € Ly,

Define
Y, = HJIV/QSpan(EQ,N, ....ennN)+ L(,iH}Vmw

We have shown that (M,’;N)O C Y} for all K € Z. Now it
follows that Y, C M,::N. In fact, if z € Yk\M,f;N then there



exists some | € Z\{k} such that z € My, so that z € Y.
There are oy, Bx € R, € L; and \ € LY:

N N
z :Z akH}V/Qek,N—FMH}Vmw :Z ﬂkH}V/Qek,N—F)\H}VQw.
k=2 k=2
Thus, 4 = A and [ = k, a contradiction. Therefore, My =
Y}, for all k € Z by Lemma 2.
Finally, we will show that —H;,l/ ’FnQr C Y. By Lemma
4 and by Condition 2) we have
—H&l/QFNQk = Hzlv/QSpan (6271\[, N »eN,N) + LkwN.
Thus, we only need to show that

wy € H}V/Qw + H}V/QSpan (2N EN,N)-

1
Since [H}V/QSpan(eg,N,...,eN,N)l = SpanH;,l/zel,N,

this amounts to showing that the Euclidean projection
of wy on SpanHR,lmeLN equals H}V/2w. This is, in-
deed, true, since! e{NH;,l/QwNH;,UQel,N/|H;,1/231’N|2 =
H§1/2617N/(€£NHX/1617N). The result now follows from
Theorem 1.

E Proof of Lemma 8

We only have to show the ’if’-direction. For that purpose,

we show that
ok~

a) Q2+mu=Q8 for all k € Z.
b) Hy'Fnp=e1n — RHy'er n.
To prove a), we let w € QY, i.e.,
—(BTPAw) /v € ((k —1/2)8, (k + 1/2)).
We then have

— (BTPA) /v (w + kyu/ (BT PB))
= —(BTPAw) /vy — 0k € (—=6/2,6/2).
Consequently, it holds that w + dkyu/(BTPB) € QY. The

rest is easy to prove.
To prove b), we first note that

Fyu = ‘I)JTVQNANM

B
A
g AB
Anp = : = : =®yep N
AN:U‘ ANle
This gives

Fyp= CDYI\}Q\N@NGLN =(Hny — ﬁN)el,N
= HNELN - Rel,N~
We, thus, have

_ _ _ ok
—Hy'PFNQ) = —Hy' Py Q) + Hy' P Fy (BT;BM>

— —Hy'*FyQY + 6kH)/?e1 x (since R = 0)
C Mgy + SkHY e1 v = My,

where we have used Lemma 2. The assertion now follows
from Theorem 1.

'Recall that ]  Hy'/*wx = 1, by Condition 3).

G. Proof of Corollary 2

Define y, := —kR(Ex —vHy') e1,n/BTPB and let
w = 0 in (37). Let m), € ZV~! be any minimizer of Gy,

0
Thus, if k£ € Z, then the ellipsoid with center yy, + ( > and
My

half axis /7y, /d;v;, 1 < i < N, does not contain a point
of Z" in its interior, see Lemma 9. Consequently, we have
supy, 1y, < 00, so that sup,, |61T,Nyk| < 00, from where (27)
follows. Next, we show that

OT
Hy_ = (0|EN1)HN(EN 1>7 (40)

where 0 € RY. To this end we recall that if C' is some n x m-
matrix and the matrices 0 have appropriate dimensions, then

(0|E,_)C € R"F*™ removes the upper k rows of C,

0
C < > > e R™™~* removes the left k columns of C,
m—Fk

(En_1]0)C € R"“%*™ removes the lower k rows of C,

0

The above gives

@ —_ B —
E,|0 ,0,...,0 0, 41
(£al0) N(EN—I) ( )(EN—I) @D

so that
Hy_1— Ry_1 =08 _1Qn-_1PNn_1

=08 | ()OOl

OT
(]
N<EN1>

- oT
= (OEN—l)(I)Jj\}'Q'(I)N(E >7
N1

E,,_ .
C ( k) € R™™~k removes the right k columns of C.

0 Q(E,|0) is Qn_1 after adding n

rows of zeros to the top, and n columns of zeros to the left.
Using (38), we obtain

~ ~ E
whereQ:QN—( "

~ oT
Hy_1— (O|EN—1)RN(E )
N-1

~ ot
= (OENl)‘I)%QN‘I)N(E >,
N—1
which gives (40). On the other hand, Cramer’s rule shows that
B{,NH;,leLN = det HN—l/ det HN,

and now R(det Hy — ydet Hy_1) = 0 follows from (11).
Finally, we have

det Hy —ydet Hy—1 = [(Hn)1,1 — 7] det Hnv—1 + Pol(R),

where Pol is some polynomial of degree at most N — 2 and
(Hn)1,1 is the top left entry of Hy. Since

(Hx)i1 — v = (85,Qn®n)11 — BTPB

is independent of R, the assertion follows.



H. Proof of Theorem 3

Suppose uj, = k& for some k € Z. Define ¢ = —BTPA/y
and let &y (which in general differs from ) be the solution of
the problem stated in Lemma 11. Then there is some optimal
control u* of Viy(&o,-) in UN with u$ = uf. Hence, we can
bound

Vi (zo,u') = Vi (wo, @) = Vi (o, u') — Vv (&0, u")
+ VN(.fo,u ) VN(Z‘(), )+ VN(Z‘o, ) V]Q(xo,ﬂ/)
< Vy(@o,u') — Vn(Zo, u*) + Vn (2o, ') — Vi (x0,7') .

() (%)
1) Bound of (*): Since ug = uf, we have

(*) = 23 Q'wo — 2T Qo + Vi1 (Ao + B'ufy,u")

— VNfl(Awo + Buo, **),
U _1)-

where v = (uf,...,uly_;) and u** = (u],. ..,

Now we use the general formula
2
VN (x(h u) = HJIV/QU + H;,l/2FN£L'0 + ngNx07
where X = A%@NAN +Q — FLHy'Fy. We obtain that
(x) = fa+ fB+ fc,
where
fa =2 Q'xo — 2 Qio
2 . 2
fo = |H 2" =2 = [H? 0 = w
fo = (Ao + B'ug)" Xy _1(A'wo + B'u)
— (Az¢ + Bu)" Xn_1 (Ao + Bu))
w = *H;fl_/fFN_l(Afo + Bua)
z= fH’;\,l_/fFJ’V_l(A/xO + B'ug).
We have
fa < zoPlQ — Q' + 1QII(|zol + |Zo]) |0 — Zol,

where we used the fact that for positive semidefinite W, V'

2TV —y"Wy| < [ (V = W)z| + [2T Wz — y" Wyl
<V =Wz + [WI(|z] + lyD]z — yl.
If ovpp 18 defined as in Lemma 11, then

fa <11Q = Q'll|zol? + min QN (2]20] + Amin)-
To bound fg, we note that v’
Vi_1(A'zy + B'ug,-) and u**
VN,l(Aa?o + Bu{), '), that is
1/2

is some optimal control of
is some optimal control of

71— —1/2
U €EH N-— 1qH/1/2 UN I(Z) - € HNfl qH}V/flUN—l(w)7

and apply Lemma 10 to upper bound fp by

(2AEN2 0 = B2 RS2 ol = 21 ol + 12D,

Furthermore, we have the following inequalities

FN L~ Hy P Fx || - 1Az + Bl
CFnoa|| - |A o — ATo + (B’ — Bug),

lw—z| < ||H'§ 12

+ HH

|A'wo — Ao + (B' — B)up| < |A(&o — o) +
+[B" = Bl - Jug|
< amin|[All + (|4 = A'[| - |zo| + [B" =

(A — Ao

B - Jug| =: e1,
and
|A{%0 + B’LL6| = |A(.’)3‘0 — (Eo) + ACL’O + Bué‘
< minl|All + |Azo + Bug| =: d,

and thus |w| < dy | Hy2Fx_1].

If we define do = |A'zg + B'uj
dgHH’Nl/leJ'V 1|, and if we define TN = Hy
Ty = H’N1/2FJ’\, we have

we see that |z]| <
1/2
Fy and

VRS T
+ || Thees = T + 1] v
[l + daf T ]

To bound f¢, we use the fact that if V, W, V’ W’ are positive
semidefinite then

f5 < [2ai| N2, ~ H

" (V' =Wy —2T(V = W)zl
< 2" Ve —y" VYl + 2T W — g Wy
<V =V + W = W'|)la|?

+ UV WD (2l + lyDle =y,
thus, if Ly = ALQnAy and Wy = FTH'Fy = TH Ty,
fo < v = Iy + 1@ = Q' + W -1 = Wy 4] dF

+ Iy + @+ IWh 1 []] (da + do)er.
2) Bound of (xx): We write (xx) = g4 + gp with
ga = Vn(Zo,u’) — Vi (Zo,u")
9B = Vi (20,T) = Vi (20, @)

Since @’ is some optimal control of V} (zo,-) we have

(42)

\H' 23+ Thyao| < |H'Y v+ Thao

for all v € UY, in particular \H’}\Pﬂ' + Thxo| <
Moreover

[ Txol-

1/2_ N ~
\H' W + Thio| < |Thaol + [T (o — 20))-
Thus, using (42),
\H' P+ Thio)?

AT VAN
_:,CO XNZ'O

g5 = |H'\W + Tjymo[* -
+ 28 X o
< (21Tho| + aminl|ITx )| T (20 — 2o))
+ (ILy + Q'+ IWx (|0l + [Zo]) ctmin
< min (2l2o] + amin) (I TN [1* + 1 Ly + Q' + WL ).
Finally,

94 =5 (Ln — Liy + Q — Q)0 + 20" (Fx — Fy)io
+ @ T(Hy — H\)@,
and, since |Zo| < |zo| + @min and

@] < [N | < 2o -




we see that

94 < (Jwol + omin)*(ILy — Lyl + 1Q" = QII)
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